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Abstract 

We initiate a study of infinite tensor products of projective unitary 
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lar representations twisted by 2-cocycles and to projective representations 
associated with CCR-representations of bilinear maps. Detailed computa- 
tions are presented in the case where G is a finitely generated free abelian 
group. We also discuss an extension problem about product type actions 
of G, where the projective representation theory of G plays a central role. 
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1 Introduction 

The theory of infinite tensor products of Hilbert spaces started with the semi- 



nal paper by von Neumann Later on, Guichardet |11, |2j approached this 
matter from a sHghtly different point of view and developed a unified framework 
for treating several related concepts involving operators, algebras and function- 
als. The notion of infinite tensor product has been mainly used in this form in 
operator algebras and quantum field theory over the last three decades (see 
e. g. for a recent overview). 

The existence of some infinite tensor product of representations of a group 
has been established and used in some recent works. For example, it was shown 
in [Ql that a locally compact group is cr-compact and amenable if and only if 
there exists an infinite tensor power of its regular representation. Such an in- 
finite tensor power construction was then a useful tool for studying covariance 
of certain (induced) product-type representations of generalized Cuntz algebras 
with respect to natural product-type actions. This circle of ideas has been gen- 
eralized and thoroughly investigated in In another direction, the infinite 
tensor product of certain unitary representations of some group of diffeomor- 
phisms was shown to exist under suitable assumptions in [ p^ . 

In this paper we initiate a study of infinite tensor products of projective 
unitary representations of a discrete group. It is in fact not obvious that such 
infinite tensor products exist at all. Indeed it is quite easy to realize that it 
is impossible to form the infinite tensor power of a single projective unitary 
representation unless the associated 2-cocycle vanishes. Besides its intrinsic in- 
terest, this new generality has the potential advantage to allow for extensions 
of the analysis given in ^ to a broader class of product-type actions on the 
0*'i-degree part of extended Cuntz algebras. It is also relevant when studying 
extensions of product-type actions from the algebraic to the von Neumann al- 
gebra level. Finally it provides a way to represent faithfully on infinite tensor 
product spaces some familiar C*-algebras like non-commutative tori. To avoid 
technicalities, we stick to the case of a discrete group, although it could be of 
interest in the future to consider a locally compact (or even just a topologi- 
cal) group and strongly continuous projective unitary representations of such a 
group. 

The paper is organized as follows. Section 2 is devoted to some prelim- 
inaries on projective unitary representations, product sequences of 2-cocycles 
and infinite tensor products. Section 3 contains our main existence results for 
infinite tensor products of projective unitary representations. We especially 
display some sufficient conditions for countable amenable groups in the case of 
projective regular representations and in the case of projective representations 
associated with CCR-representations of bilinear maps. To illustrate our work we 
specialize in section 4 to the case of finitely generated free abelian groups. The 
final section deals with infinite tensor products of actions of a discrete group 
G on von Neumann algebras. We concentrate our attention to the existence 
problem of such product actions in the case of unitarily implemented actions. 
One of our result exhibits an obstruction for extending some algebraic tensor 
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power action of G to the weak closure that lies in the second cohomology group 
i?^(G,T). In another result, the obstruction lies in the non-amenability of G. 

2 Preliminaries 

Throughout this note G denotes a non-trivial discrete group, with neutral ele- 
ment e. 

A 2-cocycle (or multiplier) on G with values in the circle group T is a map 
u:G X G such that 

u{x, y)u{xy, z) = z)u{x, yz) (x, y,z €G), 

see e.g. [|[ Chapter IV]. We will consider only normalized 2-cocycles, satisfying 

u{x, e) ~ u{e, x) ~ \ [x E G). 

The set of all such 2-cocycles, which is denoted by Z^{G, T), becomes an abelian 
group under pointwise product. We equip Z^{G, T) with the topology of point- 
wise convergence. 

A 2-cocycle u on G is called a coboundary whenever v{x, y) = p{x) p{y) p{xy) 
{x, y ^ G) for some p : G — > T, p{e) = 1, in which case we write v — dp (such 
a p is uniquely determined up to multiplication by a character) . The set of all 
coboundaries, which is denoted by i3^(G, T), is a subgroup of Z^(G,T), which 
is easily seen to be closed. (Indeed, assume that [Apa) is a net in i?^(G, T) 
converging to w G Z^(G, T). Due to Tychonov's theorem, we may, by passing 
to a subnet if necessary, assume that pa converges pointwise to p, for some 
p : G — > T, p(e) — 1. Then we have v = dp.) 

The quotient group ij2(G,T) := Z'^ (G ,1) / B"^ {G ,1) is called the second 
cohomology group of G with values in T. We denote elements in H'^(G,T) by 
[u] and write v ^ u when [v] — [u] {u,v G Z^(G, T)). We also write v u 
when we have v = (dp)it for some coboundary dp. 

We recall a few facts concerning infinite products of complex numbers (see 
[p7|). Let {zi) denote a sequence of complex numbers. We say that the infinite 
product W^Zi exists (or converges) if the limit of the net Zi)j,^jr exists, 

where J- denotes the family of non-empty finite subsets of N ordered by inclusion. 
We then also use Zi to denote this limit. We will need the following result: 

Assume that |1 — z^j < oo. Then Zi exists, and ^ if all ZiS are 

non-zero. Conversely, assume that Zi converges to a non-zero element. Then 
Y,i |1 - Zi\ < oo. 

We shall be interested in product sequences in Z^(G,T): we call a sequence 
(ui) in Z^(G, T) a product sequence whenever the (pointwise) infinite product 
u = Yli Ui exists on G X G (w being then obviously a 2-cocycle itself). 

A cohomological problem concerning product sequences is that perturbing 
a product sequence (by a coboundary in each component) does not necessarily 
lead to a product sequence, as may be illustrated by taking all u^'s to be 1 and 
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perturbing by the same coboundary w ^ 1 in each component. The foUowing 
lemma somewhat clarifies this problem. 

Lemma 2.1. Let (ui) and (vi) be two sequences in Z'^{G, T) satisfying Vi Ui 
for every i. 

i) Assume that p :~ J^,- pi exists. Then (vi) is a product sequence if and only if 
(ui) is a product sequence, in which case we have Yli^i ~p rii""*- 

ii) Assume that [ui) and [vi) are both product sequences. Then W^Vi ^ Yii'^^i 
(even ifYliPi does not necessarily exist). 

Proof. As i) is straightforward, wc only show ii). So we assume that u — Y[i 
and V — Wj^Vi both exist. Then w := Yii'^Pi — ni^"'^* ^l^o exists and is 
the limit of a net of 2-coboundaries. As B'^{G,T) is closed, this implies that 
w G B'^{G,T). Since v = wu, this shows that v ~ u, as asserted. 
(To see that Yli Pi does not necessarily exist, assume that G possess a non-trivial 
character 7. Set Ui — Vi = 1 and pi = j for all i. Then clearly Vi ~p. Ui while 
Hi Pi does not exist.) □ 

A projective unitary representation U of G on a Hilbert space Ti. associated 
with some u G Z^{G, T) is a map from G into the group of unitaries on Ti. such 
that 

Uix)U{y)^uix,y)U{xy) ix,yeG). 

If we pick a p : G ^ T satisfying p(e) = 1 and set V — pU, then V is also 
a projective unitary representation of G on H associated with a 2-cocycle v 
satisfying v u. Such a V is called a perturbation of U . 

To each u e Z^{G, T) one may associate the left w-regular projective unitary 
representation A„ of G on £^(G) defined by 

(Au(x)/)(y) = u{y-\x)f{x-'y) (/ G 1^{G), x,y e G). 

Choosing u — 1 gives the left regular representation of G which we will just 
denote by A. It is well known (and easy to see) that if v ~p u, then is 
unitarily equivalent to pXu- 

For i = 1,2, let Ui be a projective unitary representation of G on a Hilbert 
space 7ii associated with Ui G (G, T) . Then the naturally defined tensor 
product representation Ui dS) U2 is easily seen to be a projective unitary repre- 
sentation of G on the Hilbert space TLi®TL2 associated with the product cocycle 
U1W2. In the case of ordinary unitary representations of a group, it is a classical 
result of Fell (cf. 13.11.3) that the left regular representation acts in an 
absorbing way with respect to tensoring (up to multiplicity and equivalence). 
In the projective case we have the following analogue. 

Proposition 2.2. Let u, v be elements in Z^{G, T) and let V be any projective 
unitary representation of G on a Hilbert space Ti associated with v. Then the 
tensor product representation \u (i)V is unitarily equivalent to \uv ® id-Hj 
to ( dim V) ■ Xuv ■ 
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Proof. We leave to the reader to check that the same unitary operator W as in 
the non-projective case ( which is determined on £"^{0) (^H { = i'^{G,'H)) by 
{W{f (8) i^)){x) — f {x)V {x~^)^p) implements the asserted equivalence. □ 



We conclude this section with a short review on infinite tensor products of 
Hilbert spaces and operators. (See 12 for more information.) 

Let H = {Hi} denote a sequence of Hilbert spaces and </> = be a 

sequence of unit vectors where (pi S Hi for each i > 1. We denote by H'^ or 
by {^f Hi the associated infinite tensor product Hilbert space of the Hi 's along 
the sequence (p. 

For any sequence V'i S Hi such that 

^1 1 - llV'ill I < oo and ^ I 1 - I < oo, 

i i 

there corresponds a so-called decomposable vector in H'^ denoted by <S)iipi- If 
<S)i£,i is another decomposable vector in H'^, then 



{<»itpi,'»iS.i) = ]J(V'^,^i)■ 



A decomposable vector of the form V'l ^ ■ • • ® V'fc ® 4>k+i ^ 0^+2 <E) ■ ■ ■ is called 
elementary. The set of all elementary decomposable vectors is total in H'^. 

Let Ti, T2, . . . be a sequence of bounded linear operators where each Ti acts 
on Hi- For each fixed n € N there exists a unique bounded linear operator r„ 
acting on H'^ which is determined by 



n+2 ' 



for each decomposable vector (^iipi. Similarly, one may define Tj for each 
(nonempty) finite J C N. Under certain assumptions, the net {Tj} converges in 
the strong operator topology to a bounded linear operator on Ti*^ which is then 
denoted by (^iTi. 

By Part II, Proposition 6]), a sufhcient condition for (SiTi to exist is 
that 

Y[ \\T,\\ exists, ^ |1 - ||T,0,|| I < 00 and ^ |1 - {T,(j>^,(j)i) \ < 00, 

i i i 

in which case we have {<E)iTi) {<S>itpi) = ^iTiipi for all elementary decomposable 
vectors (giiV'i- 



When all Ti's are unitaries (which is the case of interest in this paper) we 
have the following result, which will be used several times in the sequel. 

Proposition 2.3. Let (Ti) be a sequence of unitaries where each Ti acts on Hi- 
Then ®iTi exists on H'^ if and only if 

(*) ^|1-(T,0„0,)I <oo, 

i 

in which case ^iTi is a unitary on Ti^ satisfying ({8)^T^)* = ®iT^ . 
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Proof. Assume first that (*) holds. It is then quite elementary to deduce from 
Guichardet's result mentioned above that (^iTj and (^iT* both exist. Moreover, 
these two operators are then isometries, being the strong limit of a net of uni- 
tarics, and they arc easily seen to be the inverse of each other. So both are 
unitaries satisfying ((gjjTj)* = ®iT* . 

Assume now that T := ^tTi exists on H"^. Then T is non-zero (being an 
isometry), so there are elementary decomposable vectors <SiitlJi and such 
that 

0^c:= (T Oi 

Let J be any finite subset of N large enough so that tpi = = (j)i for all i ^ J. 
Then we have 

ieJ 

Since T = limj fj, we get c = limj JJiejC^i '^i^^i)^ i-^- HieNC^i V"*, ^i) converges 

to a non-zero value. 

Thus we get J2i \ {Ti'fpi,^i)\ < oo and therefore J2i \ < oo since 

tpi = = (jji for all but finitely many Vs. □ 

3 Infinite tensor products of projective unitary 
representations 

Before attacking the main problem whether it is possible to form an infinite 

tensor product of a sequence of projective unitary representations, at least in 
some cases, we first show that this construction, when possible, produces a new 
projective unitary representation of G, and also make some general observations. 

Theorem 3.1. Let Ui be a sequence of projective unitary representations of G 

acting respectively on a Hilbert space 7ii and with associated Ui E Z^{G, T). Let 
(f) = be a sequence of unit vectors where each e Hi. Assume that ®iUi{x) 
exists on H'^ = ®fHi for each x G G. Then we have 

i) {ui) is a product sequence in T). 

ii) The map x U'^{x) := ^iUi{x) is a projective unitary representation of G 
on H'*' with u = Hi 

Ui as its associated 2-cocycle. 

Hi) If there exists one k such that Uk is unitarily equivalent to X^^, then 
is unitarily equivalent to A„ (g) id-^, where H denotes any infinite dimensional 
separable Hilbert space. 

iv) X^V^ is unitarily equivalent to A„ <S> idyi^- ■ 

Proof. Notice first that Proposition 2.3 implies that each U'^{x) := ®iUi{x) is 
a unitary. 

i) Let g,h € G. We must show that Hi Ui{g, h) converges. Now 



®iUi{gh) 
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and 

{(S^U^ig)){(^^Ui{h)) = (g),U^{g)U^{h) = ®,Ui{g,h)Ui{gh) 

are both unitaries. Putting = ( Ui{gh))<f>i , 4>i ), we deduce from Proposition 
2.3 that 

I 1 — a,; I < oo and | 1 — Ui{g, h)ai \ < oo. 

i i 

This impUes that 1 1 — Ui{g,h) \ < oo, and therefore that Y[i''^ii9i ^) con- 
verges, as desired. ( We use here imphcitely that whenever z G T and a G C, 
then |1 - z| = |1 - 2-| < |1 - a| + |a - z| = |1 - a| + \za - 1|). 

ii) Using i) we get 

U'^ix) U^iy) = ®,u,ix, v) U,{xy) - ([] u,{x, y)) ®, U,{xy) = u{x, y) U^{xy) 

i 

for all x,y E G, as asserted. 

iii) and iv) follow easily from Proposition 2.2. □ 

An obvious, but noteworthy consequence of part i) of this theorem is that 
it is impossible to form the infinite tensor power of a single projective unitary 
representation unless the associated 2-cocycle vanishes. In another direction, 
the case where infinitely many of the Ui^s are projective regular representations 
of G can not occur in this theorem when G is uncountable or non-amenable, as 
easily follows from our next theorem. (We refer to or for information 
on amenability). 

Theorem 3.2. Let {u-i) he a sequence in Z^(G,T) and set Ui — A„. for every 
i. Let (f) — {(j)i) be a sequence of unit vectors in P{G). Assume that ®iUi{x) 
exists on Ti'^ = ®f£'^{G) for each x E G. Then G is countable and amenable. 

Proof. Using Proposition 2.3, it follows that J^i \^ — {Ui{x)(t)i, < oo for every 
x E G. Notice that 

< {X{xM^\,\^^\) < 1. 

Hence we get 

(A(x)|0,|, 10,1) ^ 1 (xeG). 

This means that the trivial 1-dimensional representation of G is weakly con- 
tained in A and the amenability of G follows. 

Moreover, setting fi{x) :— |(A(a;)0i, 0i)| > we have < fi < 1, fi E Co{G) 
(cf. |, 13.4.11]) and fi 1 pointwise. Then /-^([1/2,1]) H, is finite and 
G — UiHi, so G is countable. □ 

In view of this theorem, it is quite natural to wonder whether some converse 
holds. We shall provide a partial answer in Corollary 3.4. To ease our exposition, 
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we introduce some terminology. A sequence (Fj) of non-empty, finite subsets of 
G will be called a i^-sequence (resp. crF-sequence) for G whenever 



(resp. > |1 — — 1 < oo tor all x G G). 

#Fi 



A i^-sequence (FJ for G is often called a Fdlner sequence in the literature. We 
remark that the definition is usually phrased in a slightly different, but equiv- 
alent, way (involving the symmetric difference of sets) and that some authors 
also require that Fi C Fi+i for every i. Anyhow, thanks to Folner (see |18, igj), 
we know that G is countable and amenable if and onl y if G has a F-sequence. 
Now, obviously, a crF-sequence for G is also a F-sequence. Moreover, any F- 
sequence has some subsequence which is a crF-sequence, as is easily checked. 
Hence we can also conclude that G is countable and amenable if and only if G 
has a (T_F-sequence. 

When F is a subset of G, we denote by xf its characteristic function. 

Theorem 3.3. Let (ui) be a sequence in Z^(G, T). Assume that G is countable 
and amenable, and has a aF-sequence (Fi) which satisfies 



^-jhr ^ l'^ - Utiy < QO for all X e G. 



Set Ui = and (p^ XFi/ {#Fi)^^'^ for every i. 

Then (j) = is a sequence of unit vectors in £'^{G) such that ®iUi exists on 
■H^ = ®fe{G). 

Proof. We first record some easy calculations. Let F be a finite (non-empty) 
subset of G and set (jyp ■= XF/{#Ff'^- Let u e Z^{G,T). Then we have 

(A(a;)</)F,0F) = ^#(FnxF) 

for every a; G G. More generally we have 

{Xu{x)(j)F,<f>F) ^ ^ u{y~^,x) 

yl^FnxF 

and therefore 

{{X{x)-Xu{:x))c^f,c^f) = ^ {l~u(y-\x)) 



#F 

" yeFnxF 



for all a; G G. 
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Using the triangle inequality and the above computations, we get 

^ |1 - {U^{x)(l>„ 0,)l < H |1 - iH^)^^, 4)1 + 51 K (M^) - U^{X))4>^. 0, ) I 



Eii-*^p^i + Eiki S a—to---)) 



for all X € G. Since (Fj) is a cr i^-sequence for G satisfying (*), both sums above 
converge for all x £ G. Hence, |1 — {Ui{x)(pi, < oo for all x G G and the 
assertion follows from Proposition 2.3. □ 

Clearly, if = 1 for all but finitely many i's, any (T_F-sequence (Fi) for 
G trivially satisfies (*). In this case, the above theorem could also have been 
deduced from 0. 

Corollary 3.4. Let G be countable and amenable, and let (vj) be a product 
sequence in Z^{G, T). Then there exist a subsequence (ui) of (vj) and a sequence 
(j) = {4>i) of unit vectors in £'^{G) such that (Eii^ui exists on Ti,'^ — (E)fi'^{G). 

Proof. First we pick a ai^-sequence (Fi) for G and a growing sequence {Hi) 
of non-empty finite subsets of G satisfying UiHi = G. Since the (pointwise) 
product Y[j Vj exists, we can choose a subsequence (ui) of (vj) satisfying 

|1 - Mi(y"\a;)| < for all x e Hi,y e Fi,i e N. 
Let X G G and choose G N such that x G H^. Then we get 

i<N i>N * yeFi 

= 2{N -I) + < oo. 

This shows that (Fi) satisfies (*) in Theorem 3.3, from which the result then 
clearly follows. □ 

Corollary 3.5. Let G be countable and amenable. Then there always exist 
some product sequence {ui) in Z^(G, T) satisfying Ui ^ 1 for all i and some 
sequence (p = {(pi) of unit vectors in P{G) such that ®i\ui exists on TC^ = 
®fi'^{G). If H'^{G,T) IS non-trivial and I ^ [u] e H'^{G,T), then the sequence 
(ui) above may chosen so that u = m. 
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Proof. We call a product sequence (ui) in Z'^{G,T) 1-frce if Ui ^ 1 for all i. 
It is easy to see that 1-free product sequences do exist in B^{G,T). As 1- 
freeness is clearly preserved when passing to subsequences, the first assertion 
follows from the previous corollary. The 1-frce product sequence is then in 
T). Therefore (by closcdness) Hi ^ -B^(G,T), so we may write it as 
dp for some normalized p : G ^ T. Assume now H^{G,T) is non-trivial and 
1 7^ [u] <E H'^(G,T). Set vi ~ dpu and Vi = Ui^i,i > 1. Then (vi) is a 1-frcc 
product sequence satisfying u = Hi^i- Further we can define a new sequence 
tp = {ipi) of unit vectors in (^{G), by setting = 5e and V'i = i^i-i, i > 1. It is 
then obvious that ®iXvi exists on T-C^ , which proves the second assertion. □ 

Remarks. 

1) It follows from Theorem 3.1 iii) that representations obtained as the 
infinite tensor product of projective regular representations are never irreducible. 

2) Let G be countable and amenable, and let (wi) and {vi) be two sequences 

in Z'^(G,T) satisfying Vi Ui for every i. Assume that ®i\ui exists on 
'H'^ = ^ff^iG) for some sequence c6 = {4>i) of imit vectors in (^{G). As YYi'^^h 
does not necessarily exist, it may happen that can not be formed at all 

(cf. Theorem 3.1). However, it is quite clear that pi\vi ® P2Xv2 ® • • • exists 
on (g)''^'£'^(G), where ipi is defined by if^iix) = pi(x^^)0i{x), and this may be 
considered as a problem of gauge fixing. On the other hand, let us also assume 
that (S>i\v, exists on = ^f£'^{G) for some sequence tjj = (7/),;) of unit vectors 
in £'^{G). Then we may conclude that ^iXvi is, up to unitary equivalence, just 
a perturbation of (^iXm ■ 

(To prove this, we first appeal to Theorem 3.1 and obtain that both u — YliUi 
and V = Yii^i exist. Using Lemma 2.1 we may then write v — dpu for some 
normalized p : G — s- T. Now, using that Xv — pXu and Theorem 3.1, we get 

®iXy. ^Xy®idc:± p{Xu ®id) p ®i , 

where id denotes the identity representation of G on any infinite separable 
Hilbert space.) 

3) To produce examples of infinite tensor product of projective unitary rep- 
resentations of not necessarily amenable groups, one can proceed as follows. Let 
G be any countable group possessing a non-trivial amenable factor group K (one 
can here for instance let G be any non-perfect, non-amenable group, e. g. any 
non-abelian countable free group, since the abelianized group G/[G, G] is then 
non-trivial and abelian) and let (wj) be a sequence in Z'^{K,T) such that ®iA^,. 
exists on (S)f£'^{K). Using the canonical homomorphism tt : G ^ K, we may lift 
each Vi to a Wj G Z'^{G,T) in the obvious way. Set Ui{x) := Xy^{^^{x)),x G G, 
for each i. It is then a simple matter to check that each Ui is a projective 
unitary representation of G on £^{K) associated to Ui, and that (^iUi exists on 
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We now turn to another class of examples which is in spirit related to the 
setting of the Stone-Mackey-von Neumann theorem, i. e. with so-called CCR- 



representations of a locally compact abelian group and its dual (cf. 1 20 ) . 

Let A and B be two discrete groups and a : A x B ^ T he a. bilinear 
map. We call a triple {V, W, 7i} for a CCR-representation of a whenever V and 
W are unitary representations of respectively A and B onTi which satisfy the 
CCR-relation 

V{a)W{b) ^ a{a,b) W{b)V{a) 

for all a G A, 6 e B. 

We now set G ^ Ax B and define : G x G ^ T by 



Ua{ (ai,6i), (02,62) ) = cr(a2,6l). 

It is an easy exercise to check that Ua is a 2-cocycle on G (in fact a bicharacter, 
i. e. a bilinear map on G x G into T). When both A and B are abelian, then 
[ua] 7^ 1 in 7?^(G, T) whenever a is non-trivial, as follows from |16 since u^, is 
then clearly non-symmetric. Note that there is an 1-1 correspondence between 
CCR-representations of cr and projective unitary representations of G associated 
with u„ ( being given by setting U{a,b) = V{a)W{b) whenever {V,W,H} is a 
CCR-representation of a). 

There is a canonical way to produce a CCR-representation of a on i'^(B), to 
which we may associate a projective unitary representation Ua of G on £^{B) 
associated with u^- We recall this construction (and remark that a similar con- 
struction can be done on £'^{A) in an analogous way): 

For each a ^ A, b ^ B we set cra(6) = cr(a, b), so the map (a t-^ cTq) belongs to 
ilom{A,B) where 13 := Hom(i3,T). Let then Va{a) denote the multiplication 
operator by the function cTq on £^(i3) and Xg be the left regular representation 
of B on £'^{B). By computation we have 

Vaia)XB{b) ^ aia,b) AB(5)y,(a) 

for all a e ^, 6 e B. Hence, the triple {V^, As, ^^(i?)} is a CCR-representation 
of a and we can put Ua{a, b) := Va{a)XB{b) for all (a, b) S G. 

Assume now that (ci) is a sequence of bilinear maps from Ax B into T. The 
question whether is it possible to form ®iUa^ on ®ft'^{B) for some sequence (j) = 
{(f>i) of unit vectors in £^{B) is then clearly equivalent to whether it is possible 
to form the infinite tensor product of the CCR-representations associated with 
the cTi's. In the case of a positive answer, the product Hi ^o-; will exist (as 
a consequence of Theorem 3.1), so Yii'^i ^il^ then exist too and the infinite 
tensor product of the CCR-representations associated with the (Xi's will be a 
CCR-representation of this product map. 

Quite similarly to Theorem 3.2 and Theorem 3.3 we have: 
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Theorem 3.6. Let (di) be a sequence of bilinear maps from G = A x B into 
T. Set U„^. 

i) Assume that ®iUi exists on (S)f£'^{B) for some sequence (j) = (4^) of unit 
vectors in i?{B). Then B is countable and amenable. 

ii) Assume that B is countable and amenable, and that (Fi) be a aF-sequence 
for B satisfying 

for every a £ A. Set (j) — {(pi) where (f>i := XFi/#(-Fi)^^^- 
Then ®iUi exists on (g)f£'^{B). 

Proof, i) Since C/j(e,5) = XB{b), this follows from ^ (or Theorem 3.2). 

ii) Let B be countable and amenable, and {Fi) be as in ii). Since (Fi) is a cF- 
sequence for B it follows from (or Theorem 3.3) that ®iUi{e,b) = ®iXB{b) 
exists on '^f£'^{B) for every b € B. The existence of (E)iUi on (g)fi'^{B) reduces 
then to whether (8)^1^. exists on (^f£'^{B), i. e. whether 

E |1 - (K. («)<?!>», 0»)| = E 1^ ^ (('7«)a0j,0»)| < OO 

i i 

holds for every a ^ A. As we have 

|l-((^»)a<^»,0OI = 177^ I E(l-^»(a.&))l < 177FT E 

for every a £ A, this follows from the assumption on {Fi). □ 

We leave to the reader to deduce from this theorem the analogous versions 
of Corollary 3.4 and Corollary 3.5 in this setting. 

4 The case of free abelian groups 

The purpose of this section is to examplify the results of the previous section in 
the concrete case where G is a finitely generated free abelian group. 

We let TV e N and set G = Z^. 

When X — [xi, . . . ,X]y) E G, we set |a:;|i = J^J^i ■ 
When ni e N, we define Km C G by 

Km^{xeG\0<Xi<m,i = l...N} {^{0,1,... , m}^). 

To each N x N real matrix A, one may associate ua G Z^{G, T) by 

UA{x,y)^e'^<^yl 
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In fact, every element in H'^{G,T) may be written as [ua] for some skew- 
symmetric A (see Without loss of generality, we can assume that 
A e M7v((— TT, tt]), i.e. all of A's coefficients belong to (— tt, tt]. We set 

\A\^ = max{|ay 1, 1 < i,j < N}. 
We first record a technical lemma. 

Lemma 4.1. Let A G Afjv((— tt, tt]), x,y ^ G and m G N. Then 

(1) \l - UA{x,y)\ <\A\^\x\i\y\i 

(2) H.^K^ VV = ^^^'^ 

/q) 1 #{{x+K^)nK„,) ^ \x\i 

Proof. 1) follows from |1 - e'^'^^y^] < \x ■ {Ay)\ < \A\^\x\i\y\i. 

2) E.eK^ Ml = Ef=iE..K„ l-.l - N{m+ir-\ET=ok) = ^^I^^i^. 

~ - (m+l)« l-^H^m+l- '-' 

Proposition 4.2. Lei (A^) 6e a sequence in MAr((— tt, tt]) anrf (mi) be a se- 
quence in N. For each i G N, we set 

F, = c G, 
1 



= UA, G Z2(G,T). 

r/ien we have: 

(1) (Fi) is a F-sequence for G if and only if mi — > +oo. 

(2) (Fi) is a aF-sequence for G if and only 7^ ^ 
C-^) Ui^i exists J2i \^i\co < oo. 

(4) The projective unitary representation ®iA„. ofG exists on (S^f'£'^{G) when- 
ever 

oc _^ oo 

— < oo and > mJAJoo < oo 
nil ' ' 

2=1 * i=l 

(and Yii^i then the associated 2-cocycle). 
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Proof. The nontrivial parts of (1) and (2) are consequences of Lemma 4.1, part 
(3). Assertion (3) relies on the inequality 2|0|/7r<|l — e*^|<|0| which holds 
when 1^1 < TT. Concerning (4) let x,y gG. Then we have 



i \^-M-y,x)\ < JZr^r^iYl \^i\oo\x\i\y\i) (by Lemma 4.1, (1)) 

xU\Ai\ 



E 



\y\i 



klil^iloo Nmi{mi + 1) 
{m^ + 1)^ 
N\x\i 



N 



(by Lemma 4.1, (2)) 



2 

for every i e N. Hence we have 



mi\Ai 



i ^ ' yeFi i 

Now if we assume that X^S^i < °° ^^'^ X^i^i "^i|^j|oo < oo, then {Fi} is 
a crF-sequence for G (by (2)) and ■^p-'^y^p- |1 — «»(— y, < oo for all 
X G G, and the conclusion follows from Theorem 3.3. □ 

ExEimple. Let A e MAr((-7r,7r]). Set Ai = 2~M and Wj = UAi [i € N). 

Then clearly ua = Yli^^i- Further, if we let rrii = P, then X^il/'^i < °° 
and Xli™j|^»loo = l^loo ^^/2' < oo so (4) in the above proposition applies. 
Theorem 3.1 then gives 

thus producing an infinite tensor product decomposition of the amplification 
of XuA- It is well known that the C*-algebra C*(A„^) generated by on 
i^{G) is a so-called non-commutative A''-torus. Using this decomposition result, 
we can clearly obtain a faithful representation of C*{\ua) onto the C*-algcbra 
generated by i8)iA„. on ®fP{G) for some suitably chosen sequence of unit 
vectors in (.'^{G). 

We shall now exhibit projective unitary representations arising from CCR- 
representations of bilinear maps on some direct product decomposition of G. 

We assume from now on that N > 2 and write G = ~ Z-^ x Z'^ where 
1 < P,Q < N and P + Q = N. 

To each P x Q matrix D with coefficients in {—it, n], we associate a bilinear 
map (7D : X ^ T by 

aD{a,b) = e'''<^''l 



Using the construction described at the end of the previous section, we then 
obtain a CCR-representation of ao on i^{Z'^), or, equivalently, a projective 
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unitary representation Ud of G = with associated 2-cocycle . This 
cocycle is easy to describe: a simple computation gives 

where D is the N x N matrix given by 

Notice that = Uf^ and [u^] is non-trivial whenever D ^0. 

Proposition 4.3. Let (Di) be a sequence of P x Q matrices with coefficients 
in (— TT, tt], and let {Ui) = {Uoi) be the associated sequence of projective unitary 
representations of G on Let (ui) be a sequence in N. 

SetH, = {beZQ \0<bi<n„i = l...Q} and i;, = 1/{#H,Y/^xh, (i e N). 
Then ®iUi exists on whenever l/ui < oo and Xli^il-Diloo < oo. 

Proof. This follows from Theorem 3.6. As the details are quite similar to the 
proof of the previous proposition, we leave these to the reader. □ 

Example. Wc take P = Q = 1 so that G = Z x Z = Z^, and let (Dj) = {0j) 
be a sequence in (— 7r,7r]. This gives rise to the sequence (Uj) of representations 
of on ^^(Z) with associated 2-cocycles 

By Proposition 4.3 we can then form the infinite tensor representation 'SijUj 
whenever we can choose a sequence {nj) in N such that J2j < ^^'^ 

X^j "-jl^jl < °° i'^-S- "-j = .7^ ''^ill do if is bounded). 

By a more careful analysis of this example involving the familiar Dirichlet 
sums, one can deduce that ®j?7j will exist whenever we can choose (nj) such 
that 



Vl<ooand V|l- ^ sin((2n + iy) 
ynj ^' 2n, + l sin(e,/2) 



< 00. 



Assuming that J2j l^il < °° (so Ylj "^j exists), it would be interesting to know 
whether such a choice of (rij) can always be made. 



5 Infinite products of actions 

For each i e N let Tii be a Hilbert space, cjyi g Hi be a unit vector, Mi C B{Hi) 
be a von Neumann algebra and ai : G — > Aut(Ali) be an action of G on M.i. 
We denote by 7, the identity operator on T-Li- We then form the *-algebra 
QiMi (resp. von Neumann algebra ®i{M.i,4'i)) acting on ®\'^''^Hi generated 
by operators of the form ^iTi where T, e A4i and Ti = li for all but finitely 
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many i's. At the *-algebraic level we define an action (DiCti of G on QiMi such 
that for every finite J C N we have 

One natural question is whether Qtai may be extended to an action of G on the 
von Neumann algebra <f>i). As we shall see, the answer may be negative 

in some situations, regardless of the choice of unit vectors (j)i. 

We retrict ourselves to the case where each is unitarily implemented, i. e. 
we assume that for every i and g there exists a unitary Ui{g) on Tii such that 
ai^g = Ad{Ui{g)). This assumption is automatically satisfied for many classes 
of von Neumann algebras (see §8). Note that if Ui{g) £ Mi for all g e G 
and Mi is a factor, especially if Mi = B{Hi), then g Ui{g) is a projective 
unitary representation of G on Hi. 

We consider the following condition: 

(*) - \iU^{g)<P^, (|}^)\) < OO for all g e G. 

i 

Proposition 5.1. Condition (*) is equivalent to the following condition: 

{**) 3 Pi : G ^ T,pi{e) = 1, such that 0^ piUi exists on (^f' Hi- 

When (*) holds, then (DiCti extends to a unitarily implemented action a on 
(SiiMi, 4>i), which is inner whenever Ui{g) G Mi for every i and g £ G. 

Proof. The first assertion follows from Proposition 2.3, using §1.2]. When 
(*) holds, then ag = Ad{U{g)) where U{g) = ®iPi[g)Ui{g) is well defined on 
(gif'Hi. Clearly U{g) € <S>i{Mi, 4>i) whenever Ui{g) G Mi for every i and g G G, 
and ag is then inner for every g E G. □ 

We now treat the case where every Mi is a type / factor. We use the well 
known fact that every automorphism of a type / factor is inner and also that 
(»,{B{H^),^^) = B{®tni) ( Inl, Proposition 1.6]). 

Theorem 5.2. Assume that Mi — B{Hi) for alii. Then QiUi extends (uniquely) 
to an action a = ®ai on ®i(B{'Hi), ipi) if and only if condition {*) holds. 

Proof. Assume that an extension a of QiOi exists on M'^ ~ <S^i{Mi, (pi). Using 
the facts recalled above, we have ag = Ad {U{g)) for some U{g) G U{(E>f''Hi) for 
every g € G. 

Let J be a non-empty finite subset of N. 

We identify M'^ with {^i^jMi) » jM where jM := <8i(^j{Mi, <j>i), and con- 
sider jM as a von Neumann subalgebra of A^"^ in the obvious way. It is easy to 
see that a restricts to an action ja of G on jM such that a = {(Eiii^jai) Cg) ja. 
SincejA^ is a also type / factor, we can write jOg = Ad {jU{g)) for some 
jU{g) e U{(E)fljH,) for each g e G. 
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Set now Uj{g) = ®r(zjUi{g) for each g G G. Then ag = Ad {Uj{g) ® jU{g)). 
Therefore, for each g G G, there exists some zj{g) G T such that U{g) = 
zjig)Ujig)® jU{g). 

Let g £ G. Since U{g) ^ we can pick two elementary decomposable vectors 
®ipi and (®£,i in ®f'7ii (which do not depend on J) satisfying 

0^c(.g) :^ \{Uig) ® ^P,,®i,)\ = Yl\{U.,ig)^^,^^)\ |(,/i7(g) t/.,, ^.^j^OI 

ieJ 

Since \{jU{g) -0^, < 1 we get 

0<c(.g) <[]|(C/,(5)V»,eOI- 

As this holds for every J, one easily deduces that HieN \iUi{g)''Pi, converges 
to a non-zero number. Since '4'i = — 4'i for a.11 but finitely many i's, this 
implies that (*) holds. Hence, we have shown the only if part of the assertion. 
The converse part follows from Proposition 5.1. □ 

The proof of the above result is reminiscent of the proof of a lemma in p2| 



(see also | 
related to 



]). In the same line of ideas, we have the following result, which is 
Lemme 1.3.81. 



Theorem 5.3. Assume that all A4i 's are factors and that QiCti extends to an 
action a on M't' = ®^{M^A^)■ Then a is inner if and only if there exists for 
each g (z G and each i a unitary Vi{g) G M.i implementing ai^g such that the 
following condition holds: 

(1) Y.^l-\{v,{g)c^,,cj),)\) <^ forallgeG. 

i 

On the other hand, a is outer if and only if, for each g £ G, g ^ e, at least one 
of the tti^g is outer or there exists for each i a unitary Vi{g) G M.i implementing 
ai^g such that 

(2) ^(l-|(«,(5)0„0,)l) = oo. 

i 

Proof. Assume first that a is inner. So we have ag = Ad {U {g)) for some unitary 
U{g) G M'l' for every 5 G G. Recah from that A^"^ is a factor. Using |||, 
Corollary 1.14], it follows easily that each is inner. Hence, there exists for 
each g € G and each i a unitary Vi{g) G A4i implementing at^g. 

Let J be a non-empty finite subset of N. As in the previous proof, we 
identify M'l' with (•^iejMi)® jM where jM := ®i^j{Mi, 4>i), We set Vj{g) = 
®iejVi{g) for each g G G and Wjig) = iVj{g) ® )*U{g). Then, using 

that we may write a — (®igjai) ® ja, we get 

Wj{g) G {®^{M^,<|>^)) D {{®^eJMi) ® {®i<^J<Ch))' . 

Using that all Mi arc factors, it is a simple exercise to deduce that Wj{g) G 
(®^gjC/,) ® {®i^j{Mi,<j}i)). We may therefore write Wj{g) = {®i<^jIi)®jV{g) 
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for some unitary jV{g) G This gives U{g) = Vj{g) (g) jV{g) and 

we can clearly proceed further in the same way as in the previous proof to 
show that (1) holds, thereby proving the only if part of the first assertion. The 
converse part of this assertion follows from Proposition 5.1. The second assertion 
follows from a similar argument. □ 

The following corollary may be seen as generalization of |l^. Theorem 6.7]. 

Corollary 5.4. Assume for each i £ N that (3i is an action of G on some von 
Neumann algebra Mi and that there exists a normal (3i-invariant state Ti on Mi- 
Denote the GNS-triple of Ti by (tt,;, Ti^, and set Aii — ni{J\fi). Let Ui be the 
action of G on A4i induced by Pi. Then QiUi extends to an action a of G on 

®^{M^,e,^). 

Assume further that all Mi 's are factors and all iTi 's are faithful. Then a is 
inner if and only if there exists for each g (z G and each i a unitary Vi{g) G Mi 
implementing f3i^g such that the following condition holds: 

(1) ^(l-|T,(i;,(g))|) <oo forallgeG. 

i 

On the other hand, a is outer if and only if, for each g £ G, g e, at least one 
of the (3i^g is outer or there exists each i a unitary Vi{g) G Mi implementing f3i^g 
such that 

(2) ^(l-|r,(«,(5))|) = ^. 

i 

Proof. We first recall that there exists for each i a unitary representation Vi : 
G -> B{n^) such that 

T^iiPi.gix)) = Vi{g)Tri{x)Vi{g)* and Vi{g)Tri{x)£,i = Tri{l3i^g{x))^i 

for all 5 G GjX G Mi (see |^). The induced action at on Mi is then defined 
by ai^g{Tri{x)) = Tri{f3i^g{x)). As Vi{g)^i — ^i for all g G G, the first assertion 
follows obviously from Proposition 3.1. The second assertion is then easily 
deduced from Theorem 5.3. □ 

Example. Let m be a sequence in Z'^{G,T). Set M = A„,(G')" C B{P{G)) 
and let (3i^g be the inner automorphism of Mi implemented by (g) for all 
5 G G, i G N. Let Ti denote the canonical normal faithful tracial state of Mi 
(determined by Ti(A„. (g)) — 1 ii g — e and otherwise), which is trivially Pi- 
invariant. If ^ denote the normalized delta- function at e, then Ti — So 
we may identify the GNS-triplc of Ti with {idi,P{G),S,i), where id,; denotes the 
identity representation of Mi and = f , i. e. we may take Mii = Mi and Ui — Pi 
in the notation of Corollary 5.4. Hence, ©a^ = 0/3^ extends to an action a on 

®^{XuAG)'\^^)■ 

Further, if all Ai,;(G) are factors, then a is outer, as 



^(1 - |r,(A„,(5))|) = ^ 1 = oo for all 5 / e. 

i i 
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A necessary and sufficient condition for a twisted group von Neumann algebra 
A„ (G) to be a factor may be found in . 

If we replace each Afi with B{P{G)) in this example, the extended product 
action may be formed in many cases under the assumption that G is countable 
and amenable, as follows from Teorem 3.3 and Proposition 5.1. This requires 
a suitable choice of unit vectors 0i in £^(G). This product action restricts then 
to an action on ®i{\ui{G) which is inner, in contrast to the factor case 
above. When G is either uncountable or non-amenable, we have the following: 

Theorem 5.5. Let Ui he a sequence in Z^(G, T) and ai = AdA„. be the as- 
sociated sequence of actions of G on B{l^{G)). If G is either uncountable or 
non-amenable, then QiUi does not extend to an action of G on (^i{B{£'^{G)), (j>i), 
regardless of the choice of vectors (pi . 

Proof. According to Proposition 5.1 and Theorem 5.2, the existence of such an 
extension ®i{B{P{G)), (j>i) would imply the existence of ®iPiXui on ®f^P{G) for 
some choice of functions pi : G — > T with pt (e) = 1 . It is straightforward to see 
that this amounts to the existence of ^iA^. on (S)f'£'^(G) for some Vi € Z^[G, T) 
with Vi Ui and some sequence V'i of unit vectors in P[G). This is impossible 
if G is either uncountable or non-amenable, as follows from Theorem 3.2. □ 

Another type of possible obstruction for extending a product action from the 
^-algebraic level to the von Neumann algebra level is of cohomological nature, 
as we now illustrate: 

Theorem 5.6. Let ai be a sequence of actions of G on B{T-Li) and write each 
ai as AAUi[g) where Ui is a projective representation of G with associated 2- 
cocycle Ui. Assume that [ui] = [u] for every i and [u] ^ [1] in i?^(G, T). 
Then Qiai does not extend to an action of G on ®i{B{T-ii), 4>i), regardless of the 
choice of vectors 4>i . 

Proof. Assume that such an extension exists ^i{B{Hi), (j>i). Using Proposition 
5.1 and Theorem 5.2, we deduce that ®piUi exists on ®f'Ti.i for some choice 
of functions pi : G — > T with pi{e) = 1. It follows then from Theorem 3.1 
that ni('iPi)'"i exists. Hence dpiUi 1 (in the pointwisc topology). As each 
Ui = {dpi)u for some Pi, we get that u is a limit of 2-coboundaries. Since 
i?^(G, T) is closed, this means that u is itself a coboundary, i. e. [w] = 1, which 
gives a contradiction. □ 

Example. The simplest case where the above situation occurs is when G = 
Z2 X Z2. Indeed, let 

A projective unitary representation of G = Z2 x Z2 on is then obtained 
by setting C/((a,6)) = VW'' {a,b G Z2). Since VW'' = a{a,b)W''U'' where 
a{a,b) = — lifa = &= l and 1 otherwise, the associated cocycle u is easily 
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computed to be u((ai, 61), (02, ^2)) = (— 1)'*^^^. It is not difficult to check that 
[u] ^ 1. Remark that U is nothing but the projective representation associated 
to the CCR representation of tr on = ^^(^2) determined by V and W. 

For each i G N consider the action a.; of G on M2{C) given by cti^^a.b) = 
Ad{U{{a,b))). Then, according to Theorem 5.6, the infinite tensor product of 
the ai 's does never make sense as an action on ^^{M^iC), (pi). 

On the other hand, the canonical tracial state of Af2(C) is trivially a^- 
invariant. Therefore we may use Corollary 5.4 to form the infinite tensor product 
action after passing to the GNS-representation with respect to this tracial state 
for each i. As another application of Corollary 5.4, the resulting product action 
is easily seen to be outer. 
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